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As the restriction of the gauge fields to the Gribov region is taken into account, it turns out
that the resulting gauge field propagators display a nontrivial infrared behavior, being very close
to the ones observed in lattice gauge field theory simulations. In this work, we explore for the first
time a higher correlation function in the presence of the Gribov horizon: the ghost-anti-ghost-gluon
interaction vertex, at one-loop level. Our analytical results (within the so-called Refined Gribov
Zwanziger theory) are fairly compatible with lattice YM simulations, as well as with solutions
from the Schwinger-Dyson equations. This is an indication that the RGZ framework can provide
a reasonable description in the infrared not only of gauge field propagators, but also of higher
correlation functions, such as interaction vertices.
I. INTRODUCTION
In order to have a proper definition of a quantum non-
abelian gauge theory, such as QCD, one needs to have
a well-defined generating functional. In the perturbative
regime at high energies, this can be achieved through the
well-known Faddeev-Popov quantization procedure [1].
For energy scales in which the coupling of the strong force
becomes sufficiently high, the perturbative approach may
display some inconsistencies. One such problem is the so-
called Gribov problem: in a gauge fixed theory, the ghost
fields acquire a pole at finite (euclidean) momentum.
Equivalently, the determinant of the Faddeev-Popov op-
erator vanishes and the generating functional of the the-
ory becomes void. In order to correct this problem (at
least partially), Gribov suggested to restrict the func-
tional integration of gauge fields to a subset of the field
space, which is now called the Gribov region [2].
The restriction of the gauge fields to the Gribov region
can be effectively implemented by the so-called Horizon
function, introduced by Zwanziger in [3], which is added
to the Yang-Mills action according to the Lagrange mul-
tiplier method. However, as the fields are constrained to
the Gribov region, the theory develops nonzero expecta-
tion values of dimension two operators, i.e., the conden-
sates
〈
AaµA
a
µ
〉
and
〈
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
〉
are nonzero in the
presence of the Gribov horizon. This gives rise to the
so-called Refined Gribov-Zwanziger (RGZ) action [4, 5],
whose tree-level propagator displays a close agreement
with Monte Carlo lattice simulations [6, 7] and other
nonperturbative methods, as the Schwinger-Dyson equa-
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tions [8–10] and the Functional Renormalization Group
[11, 12].
Given the success of the RGZ framework in the de-
scription of the YM propagators already at tree-level, it
is natural to ask if higher correlation functions (i.e., ver-
tices), will also display a reasonable behavior, especially
at the low momentum region, where nonperturbative fea-
tures are expected to be more relevant.
In this work, we calculate the ghost-gluon vertex at
the one-loop approximation in the RGZ framework at
the soft-gluon kinematic regime. In Section II, we briefly
review the RGZ action, while in Section III we discuss
some details of the calculation of the ghost-gluon vertex.
Next, we show and discuss our results in Section IV and
finally end with some remarks in Section V.
II. THE RGZ FRAMEWORK
The starting point of the construction of the RGZ ac-
tion is, of course, the Yang-Mills action [13–15] quan-
tized in some fixed gauge according to the Faddeev-Popov
prescription. The theory is defined in an euclidean flat
space[16], so that one does not distinguish between co-
variant and contrariant vectors. In the Landau gauge,
the Faddeev-Popov action reads
SFP =
∫
ddx
[
1
4
F aµνF
a
µν + c¯
a∂µD
ab
µ c
b + iba∂µA
a
µ
]
,(1)
where
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν (2)
is the gluon field strength,
Dabµ = δ
ab∂µ − gfabcAcµ (3)
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2is the covariant derivative in the adjoint representa-
tion of the color group SU(Nc) and b is the Nakanishi-
Lautrup field that implements the Landau gauge condi-
tion ∂µA
a
µ = 0. The color indices run from zero up to
N2c − 1, since all fields are in the adjoint representation
of SU(Nc).
Following Zwanziger [3, 17, 18], the restriction to the
Gribov horizon can be implemented at the level of the
generating functional by requiring that the expectation
value of the so-called Zwanziger’s horizon function (re-
lated to the trace of the Faddeev-Popov operator) is con-
strained to be
h(A) ≡
∫
ddx gfabcAbµ [M−1(A)]cdgfaedAeµ = dV (N2c − 1),
(4)
where d is the dimension of (euclidean) spacetime, V is
its volume, and
[M(A)]ab = −∂µDabµ (5)
is the Faddeev-Popov operator. In order to impose the
horizon constraint (4) at the level of the path integral,
one should use the Lagrange multiplier method, so that
the constraint is implemented by adding
Sh = γ
4
[
h(A)− dV (N2c − 1)
]
(6)
to the Faddeev-Popov action (1) to get the Gribov-
Zwanziger (GZ) action
SGZ = SFP + Sh. (7)
Note that the horizon function (4) contains the inverse
of a differential operator (i.e., M). Therefore, it corre-
sponds to a nonlocal term in the action. However, the
horizon function can be rewritten within the generating
functional in a local manner, with the introduction of
auxiliary fields, the bosonic fields ϕ¯abµ and ϕ
ab
µ , and the
fermionic fields ω¯abµ and ω
ab
µ . In terms of these auxil-
iary fields, an equivalent local horizon function emerges,
which is given by
SH =
∫
ddx
[
ϕ¯abµ [M(A)]bcϕcbµ − ω¯abµ [M(A)]bcωcbµ +
+gγ2fabcAaµ(ϕ¯
bc
µ − ϕbcµ )
]
, (8)
so that the local GZ action is given by SGZ = SFP +SH .
Even though the GZ action does constrain the fields to
within the Gribov horizon, it is not complete, in the sense
that it is unstable with respect to the formation of the
condensates 〈AaµAaµ〉 and 〈ϕ¯abµ ϕabµ − ω¯abµ ωabµ 〉, which are
energetically favored, as shown in the analyses of [4, 5].
Thus, using once again the Lagrange multiplier method,
one can introduce extra terms in the action in order to
account for the nonvanishing condensates we just men-
tioned. The extra terms are
Scond =
∫
ddx
[
m2
2
AaµA
a
µ −M2(ϕ¯abµ ϕabµ − ω¯abµ ωabµ )
]
.(9)
Finally, with the condensates properly accounted for,
one arrives at the Refined Gribov-Zwanziger action
SRGZ = SFP + SH + Scond, (10)
which will be used throughout this work. With this ac-
tion, the tree level gluon propagator is modified with re-
spect to perturbative Yang-Mills, since it has an effective
mass term (coming from the condensate 〈A2〉) and it also
couples linearly with the auxiliary fields ϕ¯ and ϕ. As a
result, the tree-level RGZ momentum space gluon prop-
agator (in the Landau gauge) reads
Dabµν(p) = δ
ab
(
δµν − pµpν
p2
)
D(p2), (11)
where the tree-level RGZ gluon form factor is given by
D(p2) =
p2 +M2
p4 + (m2 +M2)p2 +m2M2 + 2g2Ncγ4
.(12)
As mentioned in the introduction, the gluon propagator
(11) calculated with the RGZ action displays an excel-
lent agreement with nonperturbative methods in gauge
theory. This is a motivation for taking the RGZ action
seriously as an effective model for the strong interactions.
In the next section, we shall calculate a higher correla-
tion function, that is, the ghost-gluon vertex at one-loop
level from a perturbative expansion of the RGZ action
(10).
III. THE ONE-LOOP VERTEX FUNCTION
Starting from the RGZ action (10), one can use stan-
dard QFT techniques to calculate the Feynman rules (i.e.,
propagators and bare vertices) of the theory. From these,
the calculation of correlation functions can be made sys-
tematically using the language of Feynman diagrams.
We are particularly interested in the ghost-gluon vertex,
given by the connected function
〈
Aaµ(k) c¯
b(p) cc(q)
〉
q=−p−k =
δ3Zc
δ(JA)aµ(k)δJ
b
c¯ (p)δJ
c
c (q)
∣∣∣∣∣
q=−p−k
,(13)
where Zc is the generating functional of the connected
correlation functions, and JA, Jc¯ and Jc are, respectively,
the sources for the gauge field A, for the ghost field c, and
for the antighost field c¯, which are all taken to zero after
the functional derivatives are taken.
Diagramatically, the vertex (13) at one-loop can be
represented by the Feynman diagrams of Fig. 1. Note
that, besides the first three diagrams, which are also
present in the perturbative Yang-Mills calculation [19],
the restriction to the Gribov horizon give rise to two ex-
tra diagrams (III and IV), in which the auxiliary fields
ϕ¯ and ϕ appear in mixed propagators 〈Aϕ¯〉 and 〈Aϕ〉
with the gluon field and also in the A − ϕ¯ − ϕ vertex.
These extra diagrams can be interpreted as the effect of
3= + + +
+ + + higher loops
(I) (II)
(IV) (III)
FIG. 1. Feynman diagram expansion up to one-loop order
for the ghost-gluon vertex in the Refined Gribov-Zwanziger
theory. Dashed lines represent ghosts and antighosts, while
the curly lines stand for gluons. Full lines, that only appear
in mixed propagators, correspond to the auxiliary fields ϕ, ϕ¯.
the horizon function. If instead of using the local formu-
lation of the GZ action (8), one insisted in using the non-
local horizon function (4), the vertices with the auxiliary
fields would correspond to vertices with gauge fields with
an inverse power of momentum. In this way, the presence
of the Gribov horizon leads not only to the modification
of the gluon propagator, but also to the presence of new
diagrams.
The presence of mixed propagators lead to a more intri-
cate relation between the connected and the one-particle
irreducible (1PI) amplitudes. As discussed in the ap-
pendix of [20], the ghost-gluon vertex can be written in
terms of the ghost and the gluon propagators, and also in
terms of 1PI kernels that mix the Faddeev-Popov ghosts
c¯ and c, and Zwanziger’s auxiliary fields ϕ¯ and ϕ. Ex-
plicitly,
〈
Aaµ(k) c¯
b(p) cc(q)
〉
= G(p)G(q)DAA(k)Pµν(k)
{
δ3Γ
δAaν(−k)δcb(−p)δc¯c(−q)
+
2gγ2fade
k2 + µ2
δ3Γ
δcb(−p)δc¯c(−q)δϕdeν (−k)
}
q=−p−k
(14)
or, in a compact notation,
〈A c¯ c〉c
(〈c¯ c〉c)2 〈AA〉c
= ΓA c¯ c +
〈Aϕ〉c
〈AA〉c
Γϕ c¯ c +
〈A ϕ¯〉c
〈AA〉c
Γϕ¯ c¯ c.
(15)
Due to translational invariance, the three-point func-
tion depends on two independent momenta: p (the
antighost momentum) and k (the gluon momentum). For
generic momenta, the tensor structure of the ghost-gluon
vertex is such that there are five independent scalar func-
tions [19]. An important feature of these expressions is
that the RGZ expressions respect the so-called Taylor
kinematics [21],
(ΓA c¯ c)
abc
µ (p, 0,−p) = 0 , (16)
and the non-renormalization theorem of the ghost-gluon
vertex, namely
(ΓA c¯ c)
abc
µ (−p, p, 0) = −igfabcpµ, (17)
which follow from the Ward identities of the theory.
In order to simplify our analysis, we shall restrict our-
selves to the soft-gluon limit, that is, k → 0. As a re-
sult, many simplifications take place (for more details on
the calculation, see [20]). First, the tensor structure of
the vertex simplifies in such a way that only two of the
Ball-Chiu functions survive. Second, the expressions of
all diagrams simplify considerably, even though the re-
maining expression still demands some analytical work,
mainly due to the form (11) of the RGZ gluon propa-
gator. And third, diagram (IV) of Fig. 1 (which cor-
responds to the kernels Γϕ¯c¯c and Γϕc¯c) vanishes in this
limit. Therefore, in the soft-gluon limit, one ends up
having to calculate only one 1PI function (ΓAc¯c), which
receives contributions from all diagrams in Fig. 1, except
IV (that vanishes).
At the end of the day, we find for ΓAc¯c the following
analytic expression
4[Γ
(1)
Ac¯c(0, p,−p)]abcµ = ig3
Nfabc
2
{
R+Jµ(a+; p) +R−Jµ(a−; p) + 2R2+Kµ(a+, a+; p) + 2R
2
−Kµ(a−, a−; p) +
+4R+R−Kµ(a+, a−; p) +
N
2
(
gγ2
a2+ − a2−
)2
[Kµ(a+, a+; p) +Kµ(a−, a−; p)−
−2Kµ(a+, a−; p)
]}
, (18)
where the master integrals
Jµ(m1; p) :=
∫
`
1
`2
1
`2 +m21
p2`2 − (p · `)2
[(`− p)2]2 (`− p)µ, (19)
related to diagram (I), and
Kµ(m1,m2; p) :=
∫
`
1
(`+ p)2
1
`2 +m21
1
`2 +m22
[
`2p · p− (p · `)2
`2
]
`µ (20)
have been calculated analytically in the appendix of [20].
Note that both integrals are finite for d = 4 and therefore
the results at this level do not have any dependence on
the renormalization scale. The quantities R± and −a2±
are, respectively, the residues and the poles of the tree-
level gluon propagator, i.e.,
DAA(p
2) =
p2 +M2
(p2 +m2)(p2 +M2) + Λ4
≡ R+
p2 + a2+
+
R−
p2 + a2−
, (21)
with
a2+ =
m2 +M2 +
√
(m2 −M2)2 − 4Λ4
2
,
a2− =
m2 +M2 −√(m2 −M2)2 − 4Λ4
2
,
R+ =
m2 −M2 +√(m2 −M2)2 − 4Λ4
2
√
(m2 −M2)2 − 4Λ4 ,
R− =
−m2 +M2 −√(m2 −M2)2 − 4Λ4
2
√
(m2 −M2)2 − 4Λ4
= 1−R+, (22)
where Λ4 = 2g2Ncγ
4. The other relevant propagators
necessary to calculate the vertex function at the one-loop
approximation are the mixed propagator
〈Aaµ(p)ϕbcν (−p)〉 =
gγ2fabc Pµν(p)
p4 + p2(m2 +M2) +m2M2 + 2Ng2γ4
= gγ2fabcPµν(p) DAA(p)
p2 +M2
(23)
and the ghost propagator〈
c¯a(p) cb(−p)〉 = δab
p2
. (24)
The tree-level vertices used in the calculation are the
three-gluon vertex
tree[ΓAAA(k, p, q)]
abc
µνρ = igf
abc [(kν − qν)δρµ + (pρ − kρ)δµν + (qµ − pµ)δνρ] , (25)
the ghost-gluon vertex,
tree[ΓAc¯c(k, p, q)]
abc
µ = −igfabcpµ (26)
and the gluon-phi vertex
tree[ΓAϕ¯ϕ(k, p, q)]
abcde
µνρ = −igfabdδceδνρpµ. (27)
5In the next section, we will compare our results numer-
ically with those obtained from other methods, namely
lattice Monte Carlo simulations and Schwinger-Dyson
equations.
IV. NUMERICAL RESULTS
In order to compare our results with other approaches,
let us first fix our parameters. The RGZ parameters m2,
M2 and γ4 can be fixed by two possible strategies. The
first one is a self-consistent method in which all three
parameters are related to ΛQCD by calculating the RGZ
effective potential to some approximation (for example,
up to one loop), as outlined in [18]. In this work, we
follow a second, more practical, approach, which is to
directly fit the three RGZ parameters from lattice results
on the gluon propagator. In [22], the gluon propagator
has been fitted to the function
Dfit(p
2) =
p2 + a
p4 + bp2 + c
, (28)
and the values for the parameters in Table I have been
found. Comparing expressions (21) and (28) for the gluon
propagator, the values for the RGZ parameters corre-
spond to M2 = 4.473 GeV2, m2 = −3.768 GeV2, and
2g3Ncγ
4 = 17.25 GeV4, valid for a pure gauge SU(3)
theory.
a (GeV2) b (GeV2) c (GeV4)
4.473(21) 0.704(29) 0.3959(54)
TABLE I. RGZ parameters fitted from lattice results for
SU(3) [22], with error estimates in parenthesis.
In Fig. 2, we compare our result for the ghost-gluon
vertex function ΓAc¯c(p), defined at the r.h.s. of
[ΓAc¯c(0, p,−p)]abcµ = −igfabcpµΓAc¯c(p), (29)
at the soft-gluon limit with lattice estimates from [23],
for fixed coupling α = g
2
4pi = 0.23, 0.3, 0.42. The solid
lines represent the RGZ results. Notice that, in the large
p limit, the curves approach the standard perturbative
result for a fixed coupling,
ΓAc¯c(p) = 1 + g
2Nc
3
64pi2
, (30)
while they go to the perturbative limit at low momenta,
passing through a maximum at a momentum scale of the
order of 1 GeV.
We also consider the running coupling constant
g2(p) =
g2(µ)
1 + 11Nc3
g2(µ)
8pi2 log(
p
µ )
, (31)
which corresponds to the standard one-loop YM beta
function in the Modified Minimal Subtraction scheme,
α = 0.42
α = 0.23
α = 0.30
1 2 3 4 5
p(GeV)0.9
1.0
1.1
1.2
1.3
SU(3) Ghost-gluon vertex [soft gluon limit]
FIG. 2. The form factor ΓAc¯c(p) of the SU(3) ghost-gluon
vertex in the soft-gluon limit as a function of the antighost
momentum for d = 4 is compared to lattice simulations. The
solid lines represent our results for different values of the
strong coupling: α = g
2
4pi
= 0.23, 0.3, 0.42, from the bot-
tom to the top curve, respectively. Data points correspond to
lattice results from Ref. [23].
cf. [13], and compare to our results of fixed coupling and
to the Schwinger-Dyson approach [8]. We see that our re-
sult (dashed line in Figure 3) is qualitatively comparable
to the DSE vertex, with the running coupling somewhat
interpolating between the fixed coupling values α = 0.18
and α = 0.3. For lower momenta, the perturbative run-
ning coupling diverges due to the Landau pole, making
the vertex function also divergent. We believe that an ad-
equate IR renormalization scheme, such as the one used
in [24], could lead to a mass-dependent beta function in
RGZ, and thus a possible absence of the Landau pole,
leading to a smooth vertex function in a full treatment
including the renormalization group improvement.
V. SUMMARY AND SOME FINAL REMARKS
In covariantly quantized gauge theories, one has to deal
with the problem of gauge copies (i.e., the Gribov prob-
lem [2, 17]) as the infrared regime is approached. The
resulting GZ action is unstable with respect to the for-
mation of dimension two condensates, which effectively
lead to the RGZ effective theory, which presents a mas-
sive gluon behavior. The gluon propagator at the RGZ
effective theory displays a nice agreement with lattice
gluon propagator already at tree level. This can be in-
terpreted as the RGZ theory providing a sort of nontrivial
vacuum over which the gauge fields evolve. One can cal-
culate further corrections over this “vacuum” by consid-
ering perturbative correction to correlation fuctions, por
example. Using parameters for the tree-level RGZ prop-
agator fitted from lattice YM results (and only that!),
we calculated the ghost-gluon vertex at the soft gluon
limit (k → 0) and found qualitative agreement with other
methods, such as the lattice itself and Dyson-Schwinger
6DSE
α = 0.3
α = 0.18α(������) = ����
α(������) = ����
1 2 3 4 5
p(GeV)
0.95
1.00
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SU(3) Ghost-gluon vertex [soft-gluon limit]
FIG. 3. The scalar function ΓAc¯c(p) of the SU(3) ghost-gluon
vertex in the soft-gluon limit as a function of momentum for
d = 4. Solid thick (black) lines represent our results for dif-
ferent values of the strong coupling: α = g
2
4pi
= 0.18 (bottom)
and α = 0.3 (top), while the dashed (red) lines include a one-
loop perturbative running coupling with different renormal-
ization conditions: α(µ = 4.3GeV) = 0.15, 0.18, 0.22, from
the bottom to the top curve, respectively. A DSE result from
Ref. [8] is represented as the thin (blue) line.
equations.
Next, we intend to explore the behavior of the ghost-
gluon vertex in the RGZ framework for any momentum
configuration. Besides, other YM vertices like the three-
and four-gluon vertices would also be very interesting to
study. The inclusion of matter (quark) fields and the
exploration of the gauge dependence of the vertex are
also possible extensions of this work.
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